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1 Isomorphism, Unitary Property of the Fourier Transform,
and Periodic Functions

1.1 The Fourier transform on the Schwarz space

If f,f € L', then f* (fY)", where, f¥ = fo0 O, and O(z) = —z.

Corollary 1.1. If f € L' and f =0, then f =0 a.e.

Proof. We have f, fe L', and so
f=U"=(fe0) =0"=0. O
Corollary 1.2. F:S8 — § is an isomorphism.

Proof. By the previous corollary, the kernel of F|s is {0}. Since F is linear, we conclude
that F|s is one-to-one. We want to show that F|s is onto. Let g € S. Since g € .,

we have g,g € S, and so g = @i\O = F(goO). Since g =2 O € S, we have proven
that 7~ (g) = go O. That is, F~! = F o O. Since F maps S continuous to S, so does
FoO=F"L O
1.2 Unitary property of the Fourier transform
Theorem 1.1. The Fourier transform has the following properties:

1. F maps L' N L? into L?.

2. F extends to a unitary transformation F : L? — L2,

Proof. Set A = {f € L' : f € L'}. We claim that A C L?. Let f € A. Then f = (f¥)"
a.e. This is in L°, as fe L'. Since % = # + 1/2

~= > we conclude that

1Fll2 < IIFI2 1AL,
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Observe that L2 = SL - AL C L2. So A is dense in L2
Isometry: Let f,g € A. We have

/nfg— Rnf(gV)A—/Rdng—/f?-
| irar= [ 17Pde

_ Extension: Since A is dense in L?, this gives us that f extends to a linear operator
F: L* = L? such that [|[F|l2 = || f]l2-
It remains to check that F = F(f) for f € L' N L?. Set

In particular,

—mla|?
)

o) = e pr(x) = o plarft).

Let f € L' N L% We have p; * f € L' N L?, and

el =pf = 1),

€Ll _pe
So py * f € L'. This means that p; x f € A. We have that
1F e * £) = F(D)ll2 = 1F (e £) = F(H)ll2 = llpe * £ = fll2,

1F(oe ) = F(Nlloo < lor* f = fl1-
Let B C R"™ be a bounded ball. We have
IFH)=F(Nll2 < IF)=FpexF)a+IF (o f)=F (Dl 2 () < NF ) =F (pexF) o+ 1F (pex )= F ()l | Bl
So we conclude that F(f) = F(f) a.e. on B. O
Corollary 1.3. For 1 <p<2andq=p/(p—1), we obtain an extension to F : LP — L4
such that || F(f)llg < [|fllp-
1.3 Producing periodic functions from L' functions

Theorem 1.2. Let f € L.

1. There exists a periodic Pf : R™ — R such that |Pf]l1 < || f]l1-

—~T™

2. Pf(0) = *"(0).
3. Pf(l‘) = Zkel" ka(ﬂi‘)



Proof. Let @ = [-1/2,1/2)". Set Fn(z) = > jtj<mpezn /(@ — k). By the monotone
convergence theorem,

/QZ fa—k)de="" /Qlf(w—k)!dfvz 3 /QJrklf(x)ldz:/Rn|f(z)|dz.

kezm kezm kezn

This proves that the series (Fy,(x)),, converges absolutely for a.e. x € Q. So (Fy(x))m
converges for a.e. x € @ to a value Pf(z). We have that Pf is periodic. We also get that

HPfHLl(Q) < I fll1-

This completes the proofs of the first and third statements.
If ¢ € Z', then

J/D}'Tn(ﬁ):/ Pf(x)e” 2% dg
Q

= /QZ Z flx— k‘)ef%wz dx

Q kezn
Let z =z — k.
_ Z f(z)e—Qﬂiﬂze—%rikl dz
ICEZ" Q"l‘k
= [ f(x)e¥**dz = f(0). O
R’ﬂ
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